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Abstract The combination of quintessence and phantom energy in a joint model is referred
to as quintom dark energy. This paper discusses traversable wormholes supported by such
quintom matter. Two particular solutions are explored, a constant redshift function and a
specific shape function. Both isotropic and anisotropic pressures are considered.

Keywords Traversable wormholes - Quintom dark energy - Quintessence - Phantom
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1 Introduction

A stationary spherically symmetric wormhole may be defined as a handle or tunnel in a
multiply-connected spacetime joining widely separated regions of the same spacetime or of
different spacetimes [1]. Interest in wormholes was renewed by the realization that much of
our Universe is pervaded by a dynamic dark energy that causes the Universe to accelerate
[2, 3]: a is positive in the Friedmann equation a/a = — @ (p 43 p). In the equation of state
(EoS) p = wp, a value of w < —1/3 is required for an accelerated expansion. The range
of values —1 < w < —1/3 is usually referred to as quintessence and the range w < —1
as phantom energy. In the latter case we get p + p < 0, in violation of the weak energy
condition, considered to be a primary prerequisite for the existence of wormholes [4-9].
The special case w = —1 corresponds to Einstein’s cosmological constant. This value is
sometimes called the cosmological constant barrier or the phantom divide.
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The quintessence and phantom energy models taken together as a joint model and dubbed
quintom for short [10] suggests a single EoS, p = wp, to cover all cases. It is shown in [11],
however, that w cannot cross the phantom divide, that is, in the traditional scalar field model,
the EoS cannot cross the cosmological constant barrier. (For further discussion, see [12-16].)
The simplest quintom model involves two scalar fields, ¢ and v, one quintessence-like and
one phantom-like [17, 18]:

1 1
L= Eaﬂqsa“qb - Eaﬂwa"vf —Vip) - WH).

So instead of  in the EoS, we will use w, and w,;, respectively.

One reason for studying quintom dark energy is the bouncing universe [17, 19, 20], which
provides a possible solution to the Big-Bang singularity. An extension to the braneworld
scenario is discussed in [21].

The purpose of this paper is to study various wormhole spacetimes that are supported by
quintom dark energy. We discuss the structure of such wormholes by means of an embedding
diagram, as well as the junction to an external Schwarzschild spacetime. Both isotropic and
anisotropic pressures are considered. It is shown that in the isotropic models, the phantom-
energy condition w,;, < —1 implies that w, < —1, while in the anisotropic case, w, < —1/3.

As a final comment, since quintessence satisfies the weak and null energy conditions, it
is not feasible to model a wormhole using the quintessence field. So when considered as
separate fields, only phantom energy can support a wormhole structure.

2 Construction of Quintom Wormbholes

In the present study the metric for a static spherically symmetric wormhole spacetime is
taken as

ds* = —e"Vdr* + & dr? + r*(d6* + sin’0d¢?), 40

where v(r) and A(r) are functions of the radial coordinate r.

Let us now consider a quintom model, which, as noted earlier, contains a quintessence-
like field and a phantom-like field. So we assume that the Einstein field equations can be
written as

G/,Lv = SnG(TMv + T;w)s (2)

where 1, is the energy-momentum tensor of the quintessence-like field and is charac-
terized by a free parameter w,, which is ordinarily restricted by the condition w, < —%.
(Recall that this condition is required for an accelerated expansion.) According to Kiselev
[22], the components of this tensor need to satisfy the conditions of additivity and linearity.
Taking into account the different signatures used in the line elements, the components can

be stated as follows:

T =1 =—p (©)
1
) =1:$=§(3a)q+1)pq. “4)

The energy-momentum tensor compatible with spherically symmetry is

T" = (p+ p)u'u” + pg"". )
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As already noted, a phantom-like field is characterized by the equation of state

Pr = Wppp, 6)

where p, is the radial pressure and w,, < —1. In the discussion below, p;, is the lateral
pressure.
The Einstein field equations in the orthonormal frame are stated next:

NI

S ) +r—2—87TG(/0+/0q)7 @)
1 v 1

—A _

e |:r_2+7] —r—z—SWG(Pr—Pq), ®)

1 _ 1 , . 1 ;. 1 , , (36() +1)
3¢ X|:E(u)2—|—v —Ekv +;(v—k)i|=87TG<Pr+quq>' ®

3 Model 1: A Constant Redshift Function

For our first model we assume a constant redshift function,
v(r) = v, = constant, (10)

referred to as the zero-tidal-force solution in [1]. The absence of tidal forces automatically
satisfies a key traversability criterion.

3.1 Isotropic Pressure
Our first assumption in the present model is an isotropic pressure:
P=Dpr=p:
Adding (7) and (8) and using (6) and (10), we get
e [H =87 G(wp, + 1)p. (11)

Multiplying (8) by (3w, + 1)/2 and adding to (9) leads to

Ae™ A
@y + 2 = 2L (12)
r r
where
3 1 1
Al — ( Wy + )(wph + ) ) (13)
(wpn + 1) +3wpn(wy + 1)
The above equation yields
=1 b 14
e =1- rTl’ (14)
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where D > 0 is an integration constant. We rewrite the metric in the Morris-Thorne canoni-
cal form [1], e* = 1/[1 — b(r)/r], where the shape function is given by

b(r)y= g (15)
Using (7) and (8), one gets the following forms for p and p,:
87 Gp = - DbA (16)
(14 wpp)rA+?
and
870G, = D(—A, +1+Al/(1+a)ph)). a7

I"A1+2

Observe that p > 0, since 1 + w,; < 0, while p, > 0 implies that A; < (1 + wp;)/@pp-
It follows that A; < 1.

The assumption v(r) = vy implies the absence of a horizon. Also, we would like the
wormhole spacetime to be asymptotically flat, that is, b(r)/r — 0 as r — oco. To this end,
we require that A; > 0. From (13) we deduce that

w0, < 2om =1

30)1,;,

Since w,;, < —1, it now follows that w, < —1, thereby having crossed the phantom divide.
This result is hardly surprising, given the nature of phantom wormholes. On the other hand,
the quintessence condition w, < —1/3 is still going to occur, namely in the anisotropic case,
discussed next.

3.2 Anisotropic Pressure

In the case of an anisotropic pressure, the radial and lateral pressures are no longer equal. In
an earlier paper on phantom-energy wormholes, Zaslavskii [4] proposed the form p, = «p,
a > 0, for the lateral pressure. In this manner we obtain simple linear relationships between
pressure and energy-density, but with p, not equal to p;,.
Observe first that (11) remains the same. After multiplying (8) by (3w, +1)/2 and adding
to (9), we get, analogously,
./426‘7)L Ay

() + === =2, (18)
r r

where
By + D(wpn + 1)

Ay = . (19)
(wpn + 1) +2a + wpp By + 1)
Otherwise (14)—(17) retain their form.
As before, we want A, > 0. So from (19), we have
wpp + 142+ w0, Bwy +1) >0
and
-2 —-1-2
w, < TEWph — L T A (20)

3a)ph
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Since o > 0 and wp,, < —1, it follows that

w, < ——,
! 3

which is the condition for quintessence. In other words, in the anisotropic model, @, does

not have to cross the phantom divide.

Remark The parameter  could be negative. For example, if o < —1, we return to w, < —1.

4 Wormbhole Structure

In this section we let A = A;,i = 1, 2. Returning to the shape function b(r) = D/r*~!, to
meet the condition b(ry) = ro, we must have D = r. So the radius of the throat is ro = D'/4

and
b=r(2)’

Since A > 0, it now follows that b'(ry) < 1, thereby satisfying the flare-out condition. From
[1], we therefore obtain the “exoticity condition”

b(ro) —rob'(r)) _ A -0
2bro)> 202

which shows that the weak energy condition has been violated. We already checked the
asymptotic flatness, so that our solution describes a static traversable wormhole supported
by quintom dark energy.

As discussed in [1], one can picture the spacial shape of a wormhole by rotating the
profile curve z = z(r) about the z-axis. This curve is defined by

d 1 1
Lot

& =+ ) 21
dr Nr/b(r) —1 Vra/D =1 @D

%, we find that

c=4vD[ -0+ b - p)]. (2)

The profile curve is shown in Fig. 1 and the embedding diagram in Fig. 2. The proper
distance /(r) from the throat to a point outside is given by

For example, choosing A =

" dr
l(r)=j:v/r0+ 7m. (23)
ForA=%,
1/4 _ 1/2
l(r)271/4(«/;—D)3/2+2r1/4(\/7—D)1/2+éDzln rf 4 (fr-D) . (24)
2 2 NG

(See Fig. 3.)
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Fig. 1 The profile curve of the D=4
wormhole
40 4
20
zZ(r) 0 . . . . 1
1 18 20 22 24 26

distance (r)

Fig. 2 The embedding diagram
generated by rotating the profile
curve (Fig. 1) about the z-axis

It is customary to join the interior solution of a wormhole to an exterior Schwarzschild
solution at some r = a. To do so, we demand that g,, and g,, be continuous at r = a:

8t (int) (a) = gn(gxt)(a)
and
8rr(inn) (@) = &rr(exn (@);
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Fig. 3 The graph of the radial D=4
proper distance [(r)
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gso and g4, are already continuous [23]. So e =1 — 2¢M and | — 24 =] — 29M Thjg,
in turn, implies that D/a%~! =2G M. Hence, the matching occurs at

D 1/(A-1)

The interior metric (ro < r < a) is given by

D r
2 _ 2 20102 2 2
ds ——|:1—a—Ai|dl‘ +m+r (dO” + sin“0d¢”) (26)
and the exterior metric (a < r < 00) by
D dr?
2 _ 2 20102 2 2
ds ——I:l—aA_lr]dl‘ +m+r (dO” + sin“0d¢”). 27

5 Model 2: A Specific Shape Function

Returning to the isotropic case p = p, = p;, let us eliminate p and p, in (7)—(9) to obtain
the following master equation:

1 N2 1 ” ’ e)h (wph + 1) + 3a)ph (a)q + 1)
" = =—= , 28
4(V) +2V +v'g(r) o o+ 1 fr) (28)
where
A 1 3w, + 1 Bwyp(w, +1)
=——+ - 29
s ==yt Ty, 2w + r (29)
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and

PN 1416’7)h A]
foy=@E)+——-—. (30)

r
As in (13),
_ (3wq + D(wpn + 1)
" (@ + 1)+ 30w, + 1)

Now we choose the shape function b(r) in such a way that the right-hand side of (28) is
zero. For this specific choice, one gets the following solution:

€1V}

—A:;:1_£7 (32)
1—b(r)/r rd
where D > 0 is an integration constant. Fortunately, this form is the same as in Model 1. So
the physical characteristics, such as the profile curve, the embedding diagram, and the proper
radial distance, remain the same. But the redshift function and stress-energy components are
different.
By making the proper substitutions, one gets from (28)

v”+”—/[&+u]=—(”/)2, (33)
r | 2(r41 — D) 2
where
Ly :(Sa)q—i—Z)—%. 34)
Solving this equation, we get
2
v=ln |:EDA1+ 1—%} , (35)

where E is an integration constant. We have used the condition L; = A; + 1. Starting with
L, — 1 = A, and simplifying, one can readily deduce that w, = w,,,; so once again, w, <
—1, thereby having crossed the phantom divide. This is consistent with the isotropic case
discussed in Sect. 3.1. (There is a similar consistency with the anisotropic case, as shown at
the end of the present section.)

Finally, we get the following forms for p and p,:

$r G DA, A DErt/? 36)
TGp =—
P T U oprii® V(A=) + A DEr#1/2
and
D(—A;+1) DA, A DEyr41/?
87Gpy = A2 a2 | oAby (37
ral (1+wph)r 1 (rAl*D)—{—AlDErAl/Z
In the anisotropic case p; = ap, a > 0, eliminating p and p, in (7)—(9) yields
1,5, 1 e (wpn + 1) +2a + wp (B, + 1)
() S / ___ , 38
4(V) 3V +vg(r) > o 1 fr) (38)
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where
1 1 3w, +1  w,,Bw, + 1) + 2«
VLS q _ % q 39
s ==ttty 2w + Dr 39)
and
Aye™ A
fry=? +—=2— -2 (40)
r r
here A, is defined in (19). In (33), A, is replaced by A, and L, by
3 1)+2
L2:1+(3wq+1)—wph( @, + 1) 420 (41)
a)ph + 1
From the condition L, — 1 = A,, we deduce that
_ op + 2a

Wy = 3
Since wp, < —1 and a > 0, we obtain, once again,

1
Wy < —=.

3

6 Discussion

The combination of quintessence and phantom energy in a joint model is referred to as
quintom dark energy. The quintessence-like field is characterized by a free parameter w,
with the restriction w, < —1/3. For the corresponding free parameter w,; in the phantom-
like field, the condition is w,, < —1.

We have proposed in this paper that traversable wormholes may be supported by quin-
tom dark energy. Two models were considered. The first model, a constant redshift function,
leads to the determination of the shape function » = b(r), which meets the flare-out condi-
tions. The resulting spacetime is asymptotically flat. This was followed by a brief discussion
of the wormhole structure, including an embedding diagram, proper distance, and a junction
to an external Schwarzschild spacetime. For the second, more general model, it is possi-
ble to use the same shape function but with a different redshift function and stress-energy
components.

In each of these models, both isotropic and anisotropic pressures were considered. In the
isotropic case, the phantom-energy condition w,;, < —1 implies that w, < —1, and in the
anisotropic case, wp;, < —1 implies that w, < —1/3.
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